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    Chapter 1. Multiply sides, angles, area, perimeter, semiperimeter, bounding box, internal and external diagonals of the Hat.

_________________________________________________________________________________
                          Background grid
                          
 1.                       =l   = 1
  .866 025 403 784 438    ≈l_0 = sqrt(3)/2
  
                         Given a hexagon side of 1, the inradius [apothem] equals half of square root 3. 
_________________________________________________________________________________
                          Sides
                                                                  
  .5                    = 🟥️side_a =       (1/2)    Quantity = 6    
  
  .866 025 403 784 438  ≈ 🟩️side_b = (sqrt(3)/2)    Quantity = 6   
  
  1.                    = 🟦️side_c =        1       Quantity = 1  
 
                     Color labeled picture 1 of 12.
                     ______________________________________________
                          Angles
                         
270° 120°  90° 120° 270° 120°  90° 240°  90° 240°  90° 120° 120° = 13 interior angles between sides; clockwise from 12 o' clock. 
                        
 90° 240° 270° 240°  90° 240° 270° 120° 270° 120° 270° 240° 240° = 13 exterior angles between sides; clockwise from 12 o' clock.      
                     ______________________________________________
                           Area, perimeter, semiperimeter
                                                          
 3.464 101 615 137 754^2  ≈ area_T =          2 sqrt(3)    OR = 8×sqrt(3)/2×1/2    OR = 4 b a

 9.062 177 826 491 070    ≈ perimeter_P =     1/2 (6 + 7 sqrt(3))    OR =      a + a + b + b + a + a + b + b + a + a + b + a + b

 4.531 088 913 245 535    ≈ semiperimeter_s = 1/4 (6 + 7 sqrt(3))    OR = 1/2 (a + a + b + b + a + a + b + b + a + a + b + a + b)

_________________________________________________________________________________
                          Bounding box

  2.25                  = 🟥️l_1 = 3/4 + 1 + 1/2
                               OR = 8/4 + 1/4
                               OR = 2 + 1/4
                               OR = 9/4
                          
                     Red length _1 can be calculated as fractions 3/4 plus 1 plus half. 
                         
                     .75 + 1. + .5 =2.25
                              =
                     3/4 + 1 + 1/2
                          
                     Color labeled picture 2 of 12.    Quantity of lengths 2.
                     ______________________________________________
                       
 2.598 076 211 353 315  ≈ 🟩️l_2 =  (3 sqrt(3))/2
                              OR = 1/2 sqrt(27)
  
                     Green length_2 can be calculated as 3 times square root 3 divided by 2. 
                         
                      3*1.732/2 ≈2.598
                       ≈
                     (3 sqrt(3))/2
                        
                     Color labeled picture 2 of 12.    Quantity of lengths 2. 
                     ______________________________________________   
  
 3.436 931 771 216 880  ≈ 🟦️l_3 = sqrt((3/4 + 1 + 1/2 )^2 + ((3 sqrt(3))/2)^2)
                             OR = (3 sqrt(21))/4
                             OR = 1/4 sqrt(189)
                        
                     Blue length_3 can be calculated by the Pythagorean Theorem. 
                         
                     Side_a equals 2.25  = .75 + 1. + .5 = 3/4 + 1 + 1/2
                         
                     Side_b equals 2.598 ≈  3*1.732/2    ≈ (3 sqrt(3))/2 
                                       
                     sqrt(a^2 + b^2)    a=2.25   b≈2.598
                                     sqrt(2.25^2 + 2.598^2) ≈3.436 
                                                 ≈
                                    sqrt((3/4 + 1 + 1/2 )^2 + ((3 sqrt(3))/2)^2)
                     
                     Color labeled picture 2 of 12.    Quantity of lengths 2.
_________________________________________________________________________________
                          Internal and external diagonals
                  
  .866 025 403 784 438  ≈ 🟥️l_4 = sqrt(1^2 - (1/2)^2)
                             OR = 1/4 sqrt(12)
                             OR = sqrt(3)/2   
                       
                     Red length_4 can be calculated as half of square root 3.
                    
                     Side_c equals 1.   
                         
                     Side_a equals  .5  =  (1/2)  
                                       
                     sqrt(c^2 - a^2)    c≈1   a≈.5
                                     sqrt(1^2 - .5^2) ≈.866 
                                              ≈
                                     sqrt(1^2 - (1/2)^2) ≈ The inradius [apothem] of a regular hexagon times the side length of 1.
                   
                     Color labeled picture 3 of 12.    Quantity of lengths 4.
                     ______________________________________________
            
 1.                     = 🟩️l_5 = 1    Quantity = 8               
                  
                     Green length_5 can be calculated as equal to the unit circle radius.
                    
                     The equation of the unit circle in two dimensions is x^2 + y^2 = 1. Where x and y are the Cartesian coordinates.
                    
                     Color labeled picture 3 of 12.    Quantity of lengths 8.
                     ______________________________________________
  
 1.322 875 655 532 295  ≈ 🟦️l_6 = sqrt((sqrt(3)/2)^2 + 1^2)
                             OR = 1/2 sqrt(7)

                     Blue length_3 can be calculated by the Pythagorean Theorem.
                    
                     Side_a equals .866 = 1.732/2 = sqrt(3)/2
                    
                     Side_b equals 1 
                                      
                     sqrt(a^2 + b^2)     a=.866   b=1 
                                      sqrt(.866^2 + 1^2) ≈1.322
                                                  ≈
                               sqrt((sqrt(3)/2)^2 + 1^2)
                    
                     Color labeled picture 3 of 12.    Quantity of lengths 3.
_________________________________________________________________________________ 
                   
 1.5                    = 🟥️l_7 = sqrt((3/4)^2 + (sqrt(3)/2 + sqrt(3)/4)^2)
                                OR = 1 + 1/2
                                OR = 2×3/4    
                                OR = 3/2
                       
                     Red length_7 can be calculated as 2 times 3/4.
                   
                     2*.75 = 1.5
                      =
                     2*(3/4)
                   
                     OR 
                   
                     Red length_7 can also by the Pythagorean Theorem.
                   
                     Side_a equals .75                 = (3/4)
                   
                     Side_b equals 1.299 ≈ .433 + .866 ≈ sqrt(3)/4 + sqrt(3)/2
                                     
                     sqrt(a^2 + b^2);    a=.75   b≈1.299; 
                                      sqrt(.75^2 + 1.299^2) ≈1.5
                                                 ≈
                                    sqrt((3/4)^2 + (sqrt(3)/2 + sqrt(3)/4)^2)
                     
                     Color labeled picture 4 of 12.    Quantity of lengths 8.                     
                     ______________________________________________
            
 1.732 050 807 568 877  ≈ 🟩️l_8 = sqrt(2^2 - 1^2)           
                             OR = sqrt(3)
                  
                     Green length_8 can be calculated by the Pythagorean Theorem.
                   
                     side_c equals 2
                     
                     side_a equals 1                    
                     
                     sqrt(c^2 - a^2)    c=2   a=1
                                     sqrt(2^2 - 1^2) ≈1.732
                               
                     Color labeled picture 4 of 12.    Quantity of lengths 7.                                  
                     ______________________________________________
  
 1.802 775 637 731 994  ≈ 🟦️l_9 = sqrt((1/2)^2 + sqrt(3)^2) 
                              OR = 1/2 sqrt(13)

                     Blue length_9 can be calculated by the Pythagorean Theorem.
                     
                     side_a equals .5    = (1/2)
                     
                     side_b equals 1.732 = sqrt(2^2 - 1^2) = sqrt(3)                     
                     
                     sqrt(a^2 + b^2)    a=.5   b=1.732 
                                     sqrt(.5^2 + 1.732^2) ≈1.802
                               
                     Color labeled picture 4 of 12.    Quantity of lengths 4.   
_________________________________________________________________________________   

 2.                   = 🟥️l_10 = 2      
                       
                     Red length_10 can be calculated as 2 times the unit circle.
                   
                     2*1 =2 
                      
                     Color labeled picture 5 of 12.    Quantity of lengths 1.   
                     ______________________________________________
            
 2.179 449 471 770 336  ≈ 🟩️l_11 = sqrt((sqrt(3)/2)^2 + 2^2)   Quantity = 3     
                              OR = 1/2 sqrt(19)          
                  
                     Green length_11 can be calculated by the Pythagorean Theorem.
                     
                     Side_a equals .866 ≈ 1.723  = sqrt(3)/2
                     
                     Side_b equals 2                    
                     
                     sqrt(a^2 + b^2)    a≈.866   b=2
                                     sqrt(.866^2 + 2^2) ≈2.179
                                                 ≈
                              sqrt((sqrt(3)/2)^2 + 2^2)
                   
                     Color labeled picture 5 of 12.    Quantity of lengths 3. 
                     ______________________________________________
  
 2.291 287 847 477 920  ≈ 🟦️l_12 = sqrt((sqrt(3) + sqrt(3)/4)^2 + (3/4)^2) 
                              OR = 1/2 sqrt(21) 

                     Blue length_12 can be calculated by the Pythagorean Theorem.
                     
                     side_a equals  .75
                     
                     side_b equals 2.165 = sqrt(3) + sqrt(3)/4                   
                     
                     sqrt(a^2 + b^2)     a=.75   b=2.165
                                      sqrt(.75^2 + 2.165^2) ≈2.291
                                                 ≈
                                   sqrt((sqrt(3) + sqrt(3)/4)^2 + (3/4)^2) 
                                   
                     Color labeled picture 5 of 12.    Quantity of lengths 7. 
_________________________________________________________________________________  
                   
 2.598 076 211 353 315  ≈ 🟥️l_13 = sqrt((sqrt(3)/2 + sqrt(3)/4)^2 + (2 + 1/4)^2)
                              OR = (3 sqrt(3))/2
                              OR = 1/2 sqrt(27)
                       
                     Red length_13 can be calculated by the Pythagorean Theorem.
                     
                     side_a equals 1.299 = sqrt(3)/2 + sqrt(3)/4 
                     
                     side_b equals 2.25 = .75 + 1 + .5 = 3/4 + 1 + 1/2    OR = 2 + (1/4)                   
                     
                     c= sqrt(a^2 + b^2)   a=1.299   b=2.25
                                       sqrt(1.299^2 + 2.25^2) ≈2.598 
                                                    ≈
                                    sqrt((sqrt(3)/2 + sqrt(3)/4)^2 + (2 + 1/4)^2)            
                     
                     Color labeled picture 6 of 12.    Quantity of lengths 1. 
                     ______________________________________________
            
 2.645 751 311 064 590  ≈ 🟩️l_14 = sqrt((1/2)^2 + (sqrt(3) + sqrt(3)/2)^2)            
                              OR = sqrt(7)
                  
                     Green length_14 can be calculated by the Pythagorean Theorem.
                     
                     side_a equals .5    = 1/2
                     
                     Side_b equals 2.598 ≈ sqrt(1.299^2 + 2.25^2) ≈ sqrt((sqrt(3)/2 + sqrt(3)/4)^2 + (2 + 1/4)^2)    OR = sqrt(3) + sqrt(3)/2                    
                     
                     c= sqrt(a^2 + b^2)    a=.5   b=2.598
                                        sqrt(.5^2 + 2.598^2) ≈2.645
                                                  ≈
                                     sqrt((1/2)^2 + (sqrt(3) + sqrt(3)/2)^2) 
                        
                     Color labeled picture 6 of 12.    Quantity of lengths 2.
                     ______________________________________________
  
 2.783 882 181 415 010   ≈ 🟦️l_15 = sqrt(1^2 + (sqrt(3) + sqrt(3)/2)^2)
                                OR = 1/2 sqrt(31)

                     Blue length_15 can be calculated by the Pythagorean Theorem.
                     
                     Side_a equals 1
                     
                     Side_b equals 2.598 = sqrt(1.299^2 + 2.25^2) = sqrt((sqrt(3)/2 + sqrt(3)/4)^2 + (2 + 1/4)^2)    OR = sqrt(3) + sqrt(3)/2 
                                       
                     c= sqrt(a^2 + b^2)   a=1   b=2.598
                                        sqrt(1^2 + 2.598^2) ≈2.783
                                                 ≈
                                        sqrt(1^2 + (sqrt(3) + sqrt(3)/2)^2)        
                     
                     Color labeled picture 6 of 12.    Quantity of lengths 1. 
_________________________________________________________________________________  












 
    Chapter 2. Multiply from the center of the outradius to each vertex of the Hat.
  
                   
 1.515 544 456 622 767  ≈ 🟥️R_1 = sqrt(441)/16×1/(sqrt(3)/2)
                             OR = (7 sqrt(3))/8 
                       
                    Red length_1 can be calculated by the similar triangle theorem,
                    
                    as side_c of the 60 degree right-triangle with side_b of =1.3125
                    
                    To obtain side_c from side_b, multiply side_b*(c'/b') from the similar triangle with three known sides.
                        
                    Here A : B : C = 30.° : 60.°    : 90.°  
                         a : b : c =  1.  :  1.732 :  2. 
                    
                    side_b equals 1.3125 = sqrt(441)/16                 
                     
                                 b*(c'/b') = c
                    
                            1.3125*(2/1.732) ≈1.515
                                  ≈
                    (sqrt(441)/16)*(2/sqrt(3))
                    
                    
                     
                    However, two more right-triangles can now be obtained with the second side of the outradius length. 
                    
                    Choosing Red length_1 as side_c can obtain side_b' by the Pythagorean Theorem.
                    
                    Side_c equals 1.515 = (7 sqrt(3))/8
                    
                    Side_a' equals  .5625 = sqrt(81)/16
                    
                    b= sqrt(c^2 - a^2)     c≈1.515   a≈.5625
                                        sqrt(1.515^2 - .5625^2) ≈1.407 
                                                     ≈
                              sqrt(((7 sqrt(3))/8)^2 - (sqrt(81)/16)^2)
                           
                     
                    Choosing Red length_1 as side_c can obtain another triangle side_b'' by the Pythagorean Theorem.
                    
                    Side_c equals 1.515  = (7 sqrt(3))/8
                    
                    Side_a'' equals  .9375 = sqrt(225)/16             
                          
                    b= sqrt(c^2 - a^2)     c≈1.515   a≈.9375  
                                     sqrt(1.515^2 - .9375^2) ≈1.190
                                                  ≈
                           sqrt(((7 sqrt(3))/8)^2 - (sqrt(225)/16)^2)
                    
                    
                     Color labeled picture 7 of 12.    Quantity of lengths 3. 
                     ______________________________________________
            
  1.408 678 458 698 080  ≈ 🟩️r_2 = sqrt((1/16)^2 + (sqrt(3)/2 + sqrt(3)/4 + 3/16×1/sqrt(3))^2)
                              OR = sqrt(127)/8              
                  
                    Green length_2 can be calculated by the similar triangle theorem before the Pythagorean Theorem.  
                    Side_b for the Pythagorean Theorem has to add a small segment over 3/4 of square root 3.
                                    
                    Here A : B : C = 30.° : 60.°    : 90.°  
                         a : b : c =  1.  :  1.732 :  2.  
                     
                    The small segment can be obtained as side_a in a similar triangle theorem where side_b equals .1875 =3/16
                   
                                        side_b * (a/b)
                                         .1875 * (1/1.732) =  .108
                           .75 * 1.732 + .1875 * (1/1.732)   = 1.407
                      (3/4) * sqrt(3) + (3/16) * (1/sqrt(3)) = 1.407
                   
                    Applying the Pythagorean Theorem,
                    
                    side_a equals  .0625 = 1/16
                    
                    side_b equals 1.407 = (3/4)*sqrt(3) + (3/16)*(1/sqrt(3))
                    
                    c= sqrt(a^2 + b^2)    a≈.0625   b≈1.407
                                       sqrt(.0625^2 + 1.407^2) ≈1.408
                                                    ≈
                                      sqrt((1/16)^2 + (sqrt(3)/2 + sqrt(3)/4 + 3/16×1/sqrt(3))^2)
                    
                     Color labeled picture 7 of 12.    Quantity of lengths 1.                 
                     ______________________________________________
  
 1.316 956 719 106 592  ≈ 🟦️r_3 = sqrt((9/16)^2 + (3/4 sqrt(3) - (3/16)×1/sqrt(3))^2) 
                             OR = sqrt((3/16×1/sqrt(3))^2 + (21/16)^2)  
                             OR = sqrt(111)/8 

                    Blue length_3 can be calculated by the Pythagorean Theorem.
                      
                    Side_a equals  .5625 = 9/16
                    
                    Side_b equals 1.190 ≈ 3/4 sqrt(3) - 3/16×1/sqrt(3)
                    
                    sqrt(a^2 + b^2)    a≈.5625   b≈1.190
                                    sqrt(.5625^2 + 1.190^2) ≈ 1.316
                                                 ≈
                            sqrt((9/16)^2 + (3/4 sqrt(3) - 3/16×1/sqrt(3))^2)        
                    
                    OR  
                    
                    Blue length_3 can also be calculated another way by the Pythagorean Theorem.
                    
                    Side_a' equals  .108 ≈ .1875*(1/1.732) ≈ (3/16)*(1/sqrt(3))
                    
                    Side_b' equals 1.3125 = 21/16
                    
                    c= sqrt(a^2 + b^2)    a'≈.108  b'≈1.3125       
                                        sqrt(.108^2 + 1.3125^2) ≈1.316
                                                    ≈
                        sqrt(((3/16)*(1/sqrt(3)))^2 + (21/16)^2)
                    
                     Color labeled picture 7 of 12.    Quantity of lengths 2.
_________________________________________________________________________________  
                   
 1.268 611 445 636 527  ≈ 🟥️r_4 = sqrt((7/16)^2 + (3/4 sqrt(3) - 3/16×1/sqrt(3))^2)  
                             OR = sqrt(103)/8
                       
                    Red length_4 can be calculated by the Pythagorean Theorem.
                    
                    Side_a equals .4375 = 7/16
                    
                    Side_b equals 1.190 ≈ .75 * 1.732 - .108 ≈ 3/4 sqrt(3) - 3/16*1/sqrt(3)
                                                              
                                                               
                    c= sqrt(a^2 + b^2)    a=.4375   b≈1.190 
                                       sqrt(.4375^2 + 1.190^2) ≈ 1.268
                                                    ≈
                                       sqrt(.4375^2 + (3/4 sqrt(3) - 3/16*1/sqrt(3))^2)        
                                                    ≈
                                      sqrt((7/16)^2 + (3/4 sqrt(3) - 3/16*1/sqrt(3))^2)  
                     
                    
                     Color labeled picture 8 of 12.    Quantity of lengths 1.  
                     ______________________________________________
            
 1.111 024 302 164 448  ≈ 🟩️r_5 = sqrt((1/4 sqrt(3) - 3/16×1/sqrt(3))^2 + (17/16)^2)           
                             OR = sqrt(79)/8
                  
                    Green length_5 can be calculated by the Pythagorean Theorem. 
                                                         
                    Side_a equals  .324 = .433 - .108 = (1/4)*sqrt(3) - (3/16)*(1/sqrt(3))
                                                       
                    Side_b equals 1.0625 = 1 +  .0625 = (17/16)                                
                                                    
                    c= sqrt(a^2 + b^2)            a=.324   b=1.0625 
                                               sqrt(.324^2 + 1.0625^2) = 1.111
                                                           ≈
                     sqrt((1/4 sqrt(3) - 3/16×1/sqrt(3))^2 + (17/16)^2)
                    
                     Color labeled picture 8 of 12.    Quantity of lengths 1.  
                     ______________________________________________
  
  .992 156 741 649 221  ≈ 🟦️r_6 = sqrt((1/4 sqrt(3) - 3/16×1/sqrt(3))^2 + (sqrt(225)/16)^2)
                             OR = (3 sqrt(7))/8 

                   Blue length_6 can be calculated by the Pythagorean Theorem.
                                                       
                   Side_a equals .324 = .433 - .108 = (1/4)*sqrt(3) − (3/16)*(1/sqrt(3))
                                                       
                   Side_b equals .9375 = sqrt(225)/16                                
                                                   
                   sqrt(a^2 + b^2)     a=.324   b=.9375 
                                    sqrt(.324^2 + .9375^2) =.992
                                                               ≈
                   sqrt(((1/4)*sqrt(3) − (3/16)*(1/sqrt(3)))^2 + (sqrt(225)/16)^2)

                   
                     Color labeled picture 8 of 12.    Quantity of lengths 1.  
_________________________________________________________________________________  

                   
  .780 624 749 799 799  ≈ 🟥️r_7 = sqrt((1/4 sqrt(3) + 3/16×1/sqrt(3))^2 + (sqrt(81)/16)^2)
                             OR = sqrt((3/16)^2 + (sqrt(3)/2 - 3/16×1/sqrt(3))^2)
                             OR = sqrt(39)/8
                       
                   Red length_7 can be calculated by the Pythagorean Theorem.
                                                       
                   Side_a equals .541 ≈ .433 + .108 ≈ (1/4)*sqrt(3) + (3/16)*(1/sqrt(3))
                                                       
                   Side_b equals .5625 = 9/16
                                                   
                   c= sqrt(a^2 + b^2)    a≈.541   b=.5625 
                                      sqrt(.541^2 + .5625^2) ≈.780
                                                  ≈
                                sqrt((1/4 sqrt(3) + 3/16×1/sqrt(3))^2 + (sqrt(81)/16)^2)
                   OR               
                   
                   Red length_7 can also be calculated another way by the Pythagorean Theorem.
                                                      
                   Side_a' equals .1875 = 3/16
                                                       
                   Side_b' equals .757 ≈ .866 - .108 ≈ sqrt(3)/2 - 3/16×1/sqrt(3)                
                                                    
                   c= sqrt(a^2 + b^2)   a'=.1875  b'=.757 
                                      sqrt(.1875^2 + .757^2) = .780   
                                                   ≈
                                     sqrt((3/16)^2 + (sqrt(3)/2 - 3/16×1/sqrt(3))^2)         
                             
                     Color labeled picture 9 of 12.    Quantity of lengths 2.  
                     ______________________________________________
            
  .695 970 545 353 752  ≈ 🟩️r_8 = sqrt((sqrt(49)/16)^2 + (1/4 sqrt(3) + 3/16×1/sqrt(3))^2)             
                             OR = sqrt(31)/8
                  
                   Green length_8 can be calculated by the Pythagorean Theorem.
                                                       
                   Side_a equals .4375 = 7/16  
                                                       
                   Side_b equals .541 ≈ .433 + .108 ≈ (1/4)*sqrt(3) + (3/16)*(1/sqrt(3))                               
                                                      
                   c= sqrt(a^2 + b^2)     a=.4375   b≈.541 
                                       sqrt(.4375^2 + .541^2) ≈.695
                                                    ≈
                               sqrt((7/16)^2 + (1/4 sqrt(3) + 3/16×1/sqrt(3))^2) 
                    
                     Color labeled picture 9 of 12.    Quantity of lengths 1.
                     ______________________________________________
  
  .216 506 350 946 109  ≈ 🟦️r_9 = sqrt((3/16×1/sqrt(3))^2 + (3/16)^2) 
                             OR = sqrt(3)/8

                   Blue length_9 can be calculated by the Pythagorean Theorem.
                   
                   Side_a equals .108 = (3/16)*(1/sqrt(3))
                                                       
                   Side_b equals .1875 = 3/16                         
                                                   
                   c= sqrt(a^2 + b^2)     a=.108   b=.1875 
                                       sqrt(.108^2 + .1875^2) = .216
                                                   ≈
                           sqrt((3/16×1/sqrt(3))^2 + (3/16)^2)
                   
                     Color labeled picture 9 of 12.    Quantity of lengths 1.
_________________________________________________________________________________  













    Chapter 3. Multiply golden ratio from the background grid of the Hat. 


 1.                     = 🟥️l_1 =  1
                        
                          Red length_1 can calculated as equal to the unit circle. 
                          
                          Once again, the equation of the unit circle in two dimensions is x^2 + y^2 = 1. where x and y are the Cartesian coordinates.
    
                     Color labeled picture 10 of 12.    Quantity of lengths 1.   
                     ______________________________________________
            
  .866 025 403 784 438  ≈ 🟩️l_2 = sqrt(1^2 - (1/2)^2)
                             OR = sqrt((sqrt(4)/2 + sqrt(1)/2)(sqrt(4)/2 - sqrt(1)/2)) 
                             OR = sqrt((sqrt(4)/2)^2 - (sqrt(1)/2)^2)  
                             OR = sqrt((3/2)(1/2))  
                             OR = sqrt(4 - 1)/2
                             OR = sqrt(3)/2                 
                  
                     Green length_2 can calculated by the Pythagorean Theorem.
                         
                     Side_c equals 1.  = sqrt(4)/2
                         
                     Side_a equals  .5 = sqrt(1)/2
                         
                     b= sqrt(c^2 - a^2)    c=1   b=.5 
                                        sqrt(1^2 - .5^2) ≈ .866    
                                                 =                                        
                                        sqrt(1^2 - (1/2)^2)
                                                  
                     Color labeled picture 10 of 12.    Quantity of lengths 1. 
                     ______________________________________________
  
  .535 233 134 659 634  ≈ 🟦️l_3 = -sqrt(3)/4 + sqrt(1^2 - (1/4)^2)
                             OR = 1/2 sqrt(3/2 (3 - sqrt(5)))
                             OR = 1/4 (sqrt(15) - sqrt(3))
                             OR = sqrt(15)/4 - sqrt(3)/4

                    Blue length_3 can calculated as a negative square root 3 divded by 4 plus the Pythagorean Theorem. 
                    
                    In computer programming common notation is to use a negative sign followed by a number to represent negation. 
                    
                    Negation indicates the opposite of the number's value. From positive to negative or from negative to positive.
                            
                    Side_c equals 1.
                    
                    Side_a equals .25    = 1/4
                    
                    Subtrahend ≈-.433  ≈ -1.732/4 =  -sqrt(3)/4  
                    
                    Minuend b= sqrt(c^2 - a^2)    c=1   b=.25
                                               sqrt(1^2 - .25^2) - .433 ≈.535
                                                        =
                                       -.433 + sqrt(1^2 - .25^2)
                                                        ≈
                                  -sqrt(3)/4 + sqrt(1^2 - (1/4)^2)  
                                  
                    Color labeled picture 10 of 12.    Quantity of lengths 1. 
_________________________________________________________________________________
                   
 1.361 654 128 716 130  ≈ 🟥️l_4 =  2 sqrt(1/2 + sqrt(5)/2) (sqrt(1^2 - (1/4)^2) - sqrt(3)/4)
                             OR = 2 sqrt(1/2 + sqrt(5)/2) (sqrt(15)/4 - sqrt(3)/4)
                             OR = 1/4 sqrt(2 (1 + sqrt(5))) (sqrt(15) - sqrt(3))
                             OR = 1/2 (sqrt(5) - 1) sqrt(3/2 (1 + sqrt(5))) 
                             OR = 1/2 sqrt(6 (sqrt(5) - 1))
                             OR = sqrt(3/2 (sqrt(5) - 1))

                   Red length_4 can calculated as 2 times square root phi times Blue length_3.
                   
                   Blue length_3 ≈.535 ≈ -.433 + sqrt(1^2 - .25^2) ≈ -sqrt(3)/4 + sqrt(1^2 - (1/4)^2) 
                   
                   2*1.272*535 ≈1.361
                    ≈
                   2*sqrt(1.618)*(-.433 + sqrt(1^2 - .25^2)) 
                    ≈
                   2 sqrt(1/2 + sqrt(5)/2) (-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))
                   
                   Color labeled picture 11 of 12.    Quantity of lengths 2.                    
                     ______________________________________________
            
 3.464 101 615 137 754  ≈ 🟩️l_5 = 4 sqrt(3)/2  
                             OR  = 2 sqrt(3)       
                  
                   Green length_5 can calculated as 4 times square root 3 divided by 2. 
                   
                   4*1.732/2 ≈3.464
                    ≈
                   4 sqrt(3)/2 =  2 sqrt(3)
                   
                   The 2 can cancel out with the 4, leaving the reduced result.
                   
                   Color labeled picture 11 of 12.    Quantity of lengths 1. 
                     ______________________________________________
  
 2.774 054 878 055 542  ≈ 🟦️l_6 = (2*3/4 + (sqrt(1^2 - (1/4)^2) - sqrt(3)/4) sqrt(1/2 + sqrt(5)/2))*(1/2 + sqrt(5)/2)/sqrt(1/2 + sqrt(5)/2)
                             OR = sqrt(1/2 + sqrt(5)/2) (3/2 + sqrt(1/2 + sqrt(5)/2) (sqrt(15)/4 - sqrt(3)/4))
                             OR = (4 sqrt(6 (1 + sqrt(5))) + 12 sqrt(5) + 12)/(8 sqrt(2 (1 + sqrt(5))))
                             OR = 1/4 (2 sqrt(3) + 3 sqrt(2 (1 + sqrt(5))))
                             OR = sqrt(3)/2 + 3/2 sqrt(1/2 (1 + sqrt(5)))
                             OR = 3/4 sqrt(2 + 2 sqrt(5)) + sqrt(3)/2
                       
                    Blue length_6 can be calculated by the similar triangle theorem,
                    
                    as side_c of the Kepler triangle with side_b of 2 times 3/4, plus .535 from Blue length_3, times square root phi, times square root phi.  
                    
                    To obtain side_c from side_b, multiply side_b*(c'/b') from the similar triangle with three known sides.
                                         
                    Here A : B : C ≈ 38.172°: 51.827°: 90.°  
                         a': b': c'≈  1.    :  1.272 :  1.618 
                         
                    side c of the Kepler triangle will always equal side_b times square root phi, 
                    because c'/b' 1.618/sqrt(1.618) ≈ sqrt(1.618) ≈ 1.272
                    
                    side_b equals 2.180 ≈ (2*.75 + .535*sqrt(1.618)) ≈ 2*(3/4) + (-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))*sqrt((1/2) + sqrt(5)/2)    

                                              b*1.272 ≈c
                    
                    (2*.75 + .535*sqrt(1.618))*1.272 ≈2.774
                      ≈
                    (2*(3/4) + (-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))*sqrt((1/2) + sqrt(5)/2))*sqrt((1/2) + sqrt(5)/2)

                    
                    Color labeled picture 11 of 12.    Quantity of lengths 2.                             
_________________________________________________________________________________
                   
 1.908 029 474 271 103  ≈ 🟥️l_7 = (2×3/4 + (sqrt(1^2 - (1/4)^2) - sqrt(3)/4) sqrt(1/2 + sqrt(5)/2))×(1/2 + sqrt(5)/2)/sqrt(1/2 + sqrt(5)/2) - sqrt(3)/2
                             OR = sqrt(1/2 + sqrt(5)/2) (3/2 + sqrt(1/2 + sqrt(5)/2) (sqrt(15)/4 - sqrt(3)/4)) - sqrt(3)/2
                             OR = (3/4 sqrt(2 + 2 sqrt(5)) + sqrt(3)/2) - sqrt(3)/2
                             OR = 3/2 sqrt(1/2 (1 + sqrt(5)))
                             OR = 3/4 sqrt(2 (1 + sqrt(5)))
                             OR = 3/4 sqrt(2 + 2 sqrt(5))

                    Red length_7 can calculated as Blue length_6 minus Green length_2.
                                                                                                            2.774 - .866 ≈1.908
                                                                                                                  ≈
                                                      ((2*.75 + (-.433 + sqrt(1^2 - .25^2))*1.272)*(1.618/1.272)) - 1.732/2
                                                                                                                  ≈
                    (2*(3/4) + (-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))*sqrt((1/2) + sqrt(5)/2))*sqrt((1/2) + sqrt(5)/2)- sqrt(1^2 - (1/2)^2)
                    
                                                                 
                    Color labeled picture 12 of 12.    Quantity of lengths 1. 
                     ______________________________________________
            
 1.5                    = 🟩️l_8 = 1 + (1/2)
                             OR = 2/2 + 1/2
                             OR = 3/2           
                  
                    Green length_8 can calculated as the unit circle plus half. 
                   
                    1 + .5 =1.5
                      = 
                    1 + (1/2) 

                    Color labeled picture 12 of 12.    Quantity of lengths 1. 
                     ______________________________________________
  
 3.                     = 🟦️l_9 = 2 (1 + 1/2)
                             OR = 2*3/2
                             OR = 6/2
                             OR = 3

                    Blue length_9 can calculated as 2 times the unit circle plus half. 
                    
                    2*(1 + .5) =3

                    Color labeled picture 12 of 12.    Quantity of lengths 3. 
_________________________________________________________________________________                    







                    
    Chapter 4. Multiply equal perimeter and circumference on the Kepler squared circle.
 


                     
12.                    ≈  ⭕️P_1 = 4*3                 
                              OR = 12
                     
                    Perimeter of circled square can be calculated as 4 times Blue length_9. 
                     
                     4*3 ≈ 12
                     
                     
12.                     ≈  ⭕️C_1 = 2×4/sqrt(1/2 + sqrt(5)/2) (3/4 sqrt(2 + 2 sqrt(5)))  
                              OR = 12
                        
                    Circumference of squared circle can be calculated as 2 times Pi' times Red length_7. 
                    Here the alternate Pi' equals four times the inverse of the square root phi. 4*1/sqrt(1.618)
                    
                                      2*Pi'*r =C
                        2*4/sqrt(1.618)*1.908 ≈12 
                         ≈
                        2×4/sqrt(1/2 + sqrt(5)/2) (3/4 sqrt(2 + 2 sqrt(5)))
_________________________________________________________________________________
                 
                  
 1.618 033 988 749 894  ≈ 🟨️Phi = (sqrt(3)/2)/(-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))
                             OR = (2 sqrt(3))/(-sqrt(3) + sqrt(15)) (-sqrt(3) - sqrt(15))/(-sqrt(3) - sqrt(15))
                             OR = 1/2 (2 + (sqrt(15) - sqrt(3))/sqrt(3))
                             OR = sqrt(3)/(2 (sqrt(15)/4 - sqrt(3)/4))
                             OR = sqrt(3) (1/6 (sqrt(15) + sqrt(3)))
                             OR = (2 sqrt(3))/(-sqrt(3) + sqrt(15))
                             OR = (sqrt(3) + sqrt(15))/(2 sqrt(3))
                 
                    Golden Ratio can be calculated as negative square root 3 divded by 4, plus the Pythagorean Theorem. 
                
                    Side_c equals 1.
                
                    Side_a equals  .25
                
                    subtrahend ≈-.433  = sqrt(3)/4
                   
                    minuted b = sqrt(c^2 - a^2)                c=1   a=.25
                                                 -1.732/4 + sqrt(1^2 - .25^2)  ≈.535
                                                          ≈
                                               -sqrt(3)/4 + sqrt(1^2 - (1/4)^2) 
                                 
                                 (sqrt(3)/2)/(-sqrt(3)/4 + sqrt(1^2 - (1/4)^2))
                                            ≈
                                        .866/.535 ≈1.618
                                                
                                                 
_________________________________________________________________________________  








     Chapter 5. List alternate forms of triangle properties specific to the Hat.




📐️ 1 of 11.

Alternate forms of triangle properties for the traingle A : B : C ≈ 38.213° : 51.786° : 90.°

From the second expression given for 🟥️R_1. The first expression was an ordinary 60 degree right-triangle.

 1                      = side_a =  sqrt(225)/15    OR sqrt(c^2 - b^2)  

 1.270 170 592 217 176  ≈ side_b =  sqrt(363)/15    OR sqrt(c^2 - a^2)
 
 1.616 580 753 730 952  ≈ side_c =  sqrt(588)/15    OR sqrt(a^2 + b^2)
____________________ 
                            
38.213 210 701 738 188° ≈ angle_A = (180 arcsin(1/(sqrt(588)/15)))/Pi                 OR = (180 arcsin(a/c))/Pi
                               
51.786 789 298 261 811° ≈ angle_B = (180 arcsin((sqrt(363)/15)/(sqrt(588)/15)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                    = angle_C = (180 arcsin((sqrt(588)/15)/(sqrt(363)/15)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
  .635 085 296 108 588^2 ≈ Area_T =           1/30 sqrt(363)         OR = (a*b)/2

 3.886 751 345 948 128   ≈ Perimeter_P =      2/6 (3 + 5 sqrt(3))    OR = a + b + c

 1.943 375 672 974 064   ≈ Semiperimeter_s =  1/6 (3 + 5 sqrt(3))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a            OR = (a*b)/a
                
           n/a           = height_hb =   n/a            OR = (a*b)/b
                
  .78̅5̅7̅1̅4̅2̅               = height_hc =  1/4 sqrt(15)    OR = (a*b)/c
____________________
 
    
 1.365 039 681 962 884   ≈ median_ma =  1/30 sqrt(1677)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.184 623 709 594 457   ≈ median_mb =  1/30 sqrt(1263)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
  .808 290 376 865 476   ≈ median_mc =  1/30 sqrt(588)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .326 794 919 243 112   ≈ inradius_r  =  1/10 (5 - sqrt(3))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
  .808 290 376 865 476   ≈ outradius_R =  1/15 (7 sqrt(3))    OR = c/2
____________________ 
                     
 1.270 170 592 217 176   ≈ multiply a into b =  1/15 (11 sqrt(3))    OR = b/a 

 1.616 580 753 730 952   ≈ multiply a into c =  1/15 (14 sqrt(3))    OR = c/a
    
  .787 295 821 622 216   ≈ multiply b into a =  1/11 sqrt(75)        OR = a/b

 1.2̅7̅                    = multiply b into c =  14/11                OR = c/b
 
  .618 589 574 131 741   ≈ multiply c into a =  1/14 sqrt(75)        OR = a/c

  .78̅5̅ 7̅1̅4̅ 2̅             = multiply c into b =  11/14                OR = b/c
________________________________________________________________________________     













📐️ 2 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 21.786° : 68.213° : 90.°

From the third expression given for 🟥️R_1.

 1                       = side_a =   sqrt(81)/9    OR = sqrt(c^2 - b^2)

 2.501 851 166 488 378   ≈ side_b =  sqrt(507)/9    OR = sqrt(c^2 - a^2)
 
 2.694 301 256 218 253   ≈ side_c =  sqrt(588)/9    OR = sqrt(a^2 + b^2)
____________________ 
                            
21.786 789 298 261 811°  ≈ angle_A = (180 arcsin(1/(sqrt(588)/9)))/Pi                OR = (180 arcsin(a/c))/Pi
                               
68.213 210 701 738 188°  ≈ angle_B = (180 arcsin((sqrt(507)/9)/(sqrt(588)/9)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C = (180 arcsin((sqrt(588)/9)/(sqrt(507)/9)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 1.250 925 583 244 189^2 ≈ Area_T =           1/18 sqrt(507)        OR = (a*b)/2

 6.196 152 422 706 631   ≈ Perimeter_P =           sqrt(27) + 1     OR = a + b + c

 3.098 076 211 353 315   ≈ Semiperimeter_s =  1/2 (sqrt(27) + 1)    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a     OR = (a*b)/a
                
           n/a           = height_hb =   n/a     OR = (a*b)/b
                
  .92̅8̅ 5̅7̅1̅ 4̅             = height_hc =  13/14    OR = (a*b)/c
____________________
    
 2.551 325 000 712 229   ≈ median_ma =  1/18 sqrt(2109)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.601 503 922 822 174   ≈ median_mb =  1/18 sqrt(831)     OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 1.347 150 628 109 126   ≈ median_mc =  1/18 sqrt(588)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
 .403 774 955 135 062    ≈ inradius_r  =  1/2 (sqrt(15) - 3)    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 1.347 150 628 109 126   ≈ outradius_R =  1/9 sqrt(147)           OR = 1/2 c/2
____________________ 
                     
 2.501 851 166 488 378   ≈ multiply a into b =  1/9 sqrt(507)    OR = b/a 

 2.694 301 256 218 253   ≈ multiply a into c =  1/9 sqrt(588)    OR = c/a
    
  .399 704 032 515 894   ≈ multiply b into a =  1/13 sqrt(27)    OR = a/b

 1.0̅7̅6̅ 9̅2̅3̅               = multiply b into c =  14/13            OR = c/b
 
  .371 153 744 479 045   ≈ multiply c into a =  1/14 sqrt(27)    OR = a/c

  .92̅8̅ 5̅7̅1̅ 4̅             = multiply c into b =  13/14            OR = b/c
________________________________________________________________________________     













📐️ 3 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 2.542° : 87.457° : 90.°

From 🟩️r_2.

 1                       = side_a =  sqrt(1)      OR sqrt(c^2 - b^2)

22.516 660 498 395 404   ≈ side_b =  sqrt(507)    OR sqrt(c^2 - a^2)
 
22.538 855 339 169 289   ≈ side_c =  sqrt(508)    OR sqrt(a^2 + b^2)
____________________ 
                            
 2.542 923 904 061 738°  ≈ angle_A = (180 arcsin(1/sqrt(508)))/Pi            OR = (180 arcsin(a/c))/Pi
                               
87.457 076 095 938 261°  ≈ angle_B = (180 arcsin(sqrt(507)/sqrt(508)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C = (180 arcsin(sqrt(508)/sqrt(507)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
11.258 330 249 197 702^2 ≈ Area_T =           1/2 (13 sqrt(3))                       OR = (a*b)/2

46.055 515 837 564 694   ≈ Perimeter_P =          (1 + sqrt(1015 + 52 sqrt(381)))    OR = a + b + c

 3.098 076 211 353 315   ≈ Semiperimeter_s =  1/2 (1 + sqrt(1015 + 52 sqrt(381)))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                  OR = (a*b)/a
                
           n/a           = height_hb =   n/a                  OR = (a*b)/b
                
  .999 015 263 178 191   ≈ height_hc =  1/254 (13 sqrt(381))  OR = (a*b)/c  
____________________
   
22.522 211 259 110 416   ≈ median_ma =  1/2 sqrt(2029)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
11.302 654 555 457 315   ≈ median_mb =  1/2 sqrt(511)     OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
11.269 427 669 584 644   ≈ median_mc =      sqrt(127)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .488 902 579 613 057   ≈ inradius_r  =  1/2 (1 + 13 sqrt(3) - 2 sqrt(127))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
11.269 427 669 584 644   ≈ outradius_R =  sqrt(127)    OR = 1/2 c 
____________________ 
                     
22.516 660 498 395 404   ≈ multiply a into b = 13 sqrt(3)           OR = b/a 

23.805 622 406 166 135   ≈ multiply a into c = 2 sqrt(127)          OR = c/a
    
  .044 411 559 168 432   ≈ multiply b into a = 1/39 sqrt(3)         OR = a/b

 1.000 985 707 484 263   = multiply b into c = 1/39 sqrt(1524)      OR = c/b
 
  .044 367 825 470 805   ≈ multiply c into a = 1/254 sqrt(127)      OR = a/c

  .999 015 263 178 191   ≈ multiply c into b = 1/254 sqrt(64389)    OR = b/c
________________________________________________________________________________  













📐️ 4 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 25.284° : 64.715° : 90.°

From the first expression given for 🟦️r_3.

 1                       = side_a =  sqrt(81)/9      OR = sqrt(c^2 - b^2)

 2.116 950 987 028 627   ≈ side_b =  sqrt(363)/9    OR = sqrt(c^2 - a^2)
 
 2.341 256 389 522 830   = side_c =  sqrt(444)/9    OR = sqrt(a^2 + b^2)
____________________ 
                            
25.284 996 046 051 784°  ≈ angle_A =  (180 arcsin(1/(sqrt(444)/9)))/Pi                OR = (180 arcsin(1/c))/Pi
                               
64.715 003 953 948 215°  ≈ angle_B =  (180 arcsin((sqrt(363)/9)/(sqrt(444)/9)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C =  (180 arcsin((sqrt(444)/9)/(sqrt(363)/9)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 1.058 475 493 514 313^2 ≈ Area_T =           1/18 sqrt(507)                      OR = (a*b)/2

 5.458 207 376 551 458   ≈ Perimeter_P =      1/9 (9 + sqrt(363) + sqrt(444))     OR = a + b + c

 2.729 103 688 275 729   ≈ Semiperimeter_s =  1/18 (9 + sqrt(363) + sqrt(444))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a               OR = (a*b)/a
                
           n/a           = height_hb =   n/a               OR = (a*b)/b
                
 .904 194 430 179 465    ≈ height_hc =  1/74 sqrt(4477)    OR = (a*b)/c
____________________
 
 2.175 196 883 383 543   ≈ median_ma =  1/18 sqrt(1533)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.456 149 158 009 017   ≈ median_mb =  1/18 sqrt(687)     OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 1.170 628 194 761 415   ≈ median_mc =  1/18 sqrt(444)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .387 847 298 752 898   ≈ inradius_r  =  1/18 (9 + sqrt(363) - sqrt(444))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 1.170 628 194 761 415   ≈ outradius_R =  1/9 sqrt(111)     OR = 1/2 c   
____________________ 
                     
 2.116 950 987 028 627   ≈ multiply a into b =  11/sqrt(27)        OR = b/a 

 2.341 256 389 522 830   ≈ multiply a into c =  1/9 sqrt(444)      OR = c/a
    
  .472 377 492 973 330   ≈ multiply b into a =  1/11 sqrt(27)      OR = a/b

 1.105 956 823 690 585   = multiply b into c =  1/11 sqrt(148)     OR = c/b
 
  .427 121 098 088 624   ≈ multiply c into a =  1/74 sqrt(999)     OR = a/c

  .904 194 430 179 465   = multiply c into b =  1/74 sqrt(4477)    OR = b/c   
________________________________________________________________________________  













📐️ 5 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 4.715° : 85.284° : 90.°

From the second expression given for 🟦️r_3.

 1.                     = side_a =  sqrt(1)      OR = sqrt(c^2 - b^2)

12.124 355 652 982 141  ≈ side_b =  sqrt(147)    OR = sqrt(c^2 - a^2)
 
12.165 525 060 596 439  = side_c =  sqrt(148)    OR = sqrt(a^2 + b^2)
____________________ 
                            
 4.715 003 953 948 215°  ≈ angle_A =  (180 arcsin(1/sqrt(148)))/Pi            OR = (180 arcsin(1/c))/Pi
                               
85.284 996 046 051 784°  ≈ angle_B =  (180 arcsin(sqrt(147)/sqrt(148)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C =  (180 arcsin(sqrt(148)/sqrt(147)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 6.062 177 826 491 070^2 ≈ Area_T =         1/12 sqrt(147)                        OR = (a*b)/2

25.289 880 713 578 580   ≈ Perimeter_P =         1 + sqrt(295 + 28 sqrt(111))     OR = a + b + c

12.644 940 356 789 290  ≈ Semiperimeter_s = 1/2 (1 + sqrt(295 + 28 sqrt(111)))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                  OR = (a*b)/a
                
           n/a           = height_hb =   n/a                  OR = (a*b)/b
                
  .996 615 895 540 123   = height_hc =  1/74 (7 sqrt(111))    OR = (a*b)/c
____________________
    
12.134 661 099 511 596   ≈ median_ma =  1/2 sqrt(589)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 6.144 102 863 722 253   ≈ median_mb =  1/2 sqrt(151)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 6.082 762 530 298 219   ≈ median_mc =  1/2 sqrt(148)    OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .479 415 296 192 850   ≈ inradius_r  = 1/6 (3 + 21 sqrt(3) - 6 sqrt(37))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 6.082 762 530 298 219   ≈ outradius_R = sqrt(37)    OR = c/2   
____________________ 
                     
12.124 355 652 982 141   ≈ multiply a into b = 7 sqrt(3)             OR = b/a 

12.165 525 060 596 439   ≈ multiply a into c = 2 sqrt(37)            OR = c/a
    
  .082 478 609 884 232   ≈ multiply b into a = 1/21 sqrt(3)          OR = a/b

 1.003 395 595 509 784   = multiply b into c = 1/21 (2 sqrt(111))    OR = c/b
 
  .082 199 493 652 678   ≈ multiply c into a = 1/74 sqrt(37)         OR = a/c

  .996 615 895 540 123   = multiply c into b = 1/74 (7 sqrt(111))    OR = b/c
________________________________________________________________________________  













📐️ 6 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 20.173° : 69.826° : 90.°

From 🟥️r_4.

 1                       = side_a =   sqrt(49)/7    OR sqrt(c^2 - b^2)

 2.721 794 126 179 664   ≈ side_b =  sqrt(363)/7    OR sqrt(c^2 - a^2)
 
 2.899 683 304 312 062   ≈ side_c =  sqrt(412)/7    OR sqrt(a^2 + b^2)
____________________
                            
20.173 570 184 167 719°  ≈ angle_A = (180 arcsin(1/(sqrt(412)/7)))/Pi                OR = (180 arcsin(a/c))/Pi
                               
69.826 429 815 832 280°  ≈ angle_B = (180 arcsin((sqrt(363)/7)/(sqrt(412)/7)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C = (180 arcsin((sqrt(412)/7)/(sqrt(363)/7)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 1.360 897 063 089 832^2 ≈ Area_T =           1/14 sqrt(363)                         OR = (a*b)/2

 6.621 477 430 491 727   ≈ Perimeter_P =      1/7 (7 + 11 sqrt(3) + 2 sqrt(103))     OR = a + b + c

 3.310 738 715 245 863   ≈ Semiperimeter_s =  1/14 (7 + 11 sqrt(3) + 2 sqrt(103))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a    OR = (a*b)/a
                
           n/a           = height_hb =   n/a    OR = (a*b)/b
                
  .938 652 204 581 147   ≈ height_hc =          OR = (a*b)/c
____________________
  
 2.767 338 661 115 788   ≈ median_ma =  1/14 sqrt(1501)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.688 798 631 076 698   ≈ median_mb =  1/14 sqrt(559)     OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 1.449 841 652 156 031   ≈ median_mc =  1/14 sqrt(412)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .411 055 410 933 800   ≈ inradius_r  =  1/14 (7 + sqrt(363) - sqrt(412))     OR = ((a*b)/2)/(1/2 (a + b + c))
   
 1.449 841 652 156 031   ≈ outradius_R = 1/7 sqrt(103)    OR = c/2  
____________________ 
                     
 2.721 794 126 179 664   ≈ multiply a into b = 1/7 (11 sqrt(3))        OR = b/a 

 2.899 683 304 312 062   ≈ multiply a into c = 1/7 (2 sqrt(103))       OR = c/a
    
  .367 404 716 757 034   ≈ multiply b into a = 1/33 (7 sqrt(3))        OR = a/b

 1.065 357 323 105 875   = multiply b into c = 1/33 (2 sqrt(309))      OR = c/b
 
  .344 865 247 357 502   ≈ multiply c into a = 1/206 (7 sqrt(103))     OR = a/c

  .938 652 204 581 147   = multiply c into b = 1/206 (11 sqrt(309))    OR = b/c
________________________________________________________________________________  













📐️ 7 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 16.996° : 73.003° : 90.°

From 🟩️r_5.

 1                       = side_a =   sqrt(81)/9      OR = sqrt(c^2 - b^2)

 3.271 651 525 407 879   ≈ side_b =  (sqrt(867)/9)    OR = sqrt(c^2 - a^2)
 
 3.421 067 626 297 922   = side_c =  (sqrt(948)/9)    OR = sqrt(a^2 + b^2)
____________________ 
                            
16.996 088 057 177 183°  ≈ angle_A = (180 arcsin(1/(sqrt(948)/9)))/Pi                OR = (180 arcsin(1/c))/Pi
                               
73.003 911 942 822 816°  ≈ angle_B = (180 arcsin((sqrt(867)/9)/(sqrt(948)/9)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C = (180 arcsin((sqrt(948)/9)/(sqrt(867)/9)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 1.635 825 762 703 939^2 ≈ Area_T =         1/18 (17 sqrt(3))                      OR = (a*b)/2

 7.692 719 151 705 802   ≈ Perimeter_P =    1/9 (9 + 17 sqrt(3) + 2 sqrt(237))     OR = a + b + c

 3.846 359 575 852 901  ≈ Semiperimeter_s = 1/18 (9 + 17 sqrt(3) + 2 sqrt(237))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                OR = (a*b)/a
                
           n/a           = height_hb =   n/a                OR = (a*b)/b
                
  .956 324 715 787 120   = height_hc = 1/158 sqrt(22831)    OR = (a*b)/c 
____________________
    
 3.309 638 001 912 551   ≈ median_ma = 1/18 sqrt(3549)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.917 270 436 304 155   ≈ median_mb = 1/18 sqrt(1191)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 1.710 533 813 148 961   ≈ median_mc = 1/18 sqrt(948)    OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .425 291 949 554 978   ≈ inradius_r  = 1/162 (81 + 153 sqrt(3) - 18 sqrt(237))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 1.710 533 813 148 961   ≈ outradius_R =  sqrt(237)/9    OR = c/2
____________________ 
                     
 3.271 651 525 407 879   ≈ multiply a into b =  1/9 (17 sqrt(3))     OR = b/a 

 3.421 067 626 297 922   ≈ multiply a into c =  1/9 (2 sqrt(237))    OR = c/a
    
  .305 656 024 865 095   ≈ multiply b into a =  1/17 (3 sqrt(3))       OR = a/b

 1.045 669 931 448 892   = multiply b into c =  1/17 (2 sqrt(79))     OR = c/b
 
  .292 306 411 107 733   ≈ multiply c into a =  1/158 (3 sqrt(237))    OR = a/c

  .956 324 715 787 120   = multiply c into b =  1/158 (17 sqrt(79))    OR = b/c

________________________________________________________________________________  













📐️ 8 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 19.106° : 70.893° : 90.°

From 🟦️r_6.

 1                       = side_a =  sqrt(9)/3       OR = sqrt(c^2 - b^2)

 2.886 751 345 948 128   ≈ side_b =  (sqrt(75)/3)    OR = sqrt(c^2 - a^2)
 
 3.055 050 463 303 893   = side_c =  (sqrt(84)/3)    OR = sqrt(a^2 + b^2)
____________________ 

19.106 605 350 869 094°  ≈ angle_A =  (180 arcsin(1/(sqrt(84)/3)))/Pi               OR = (180 arcsin(1/c))/Pi
                               
70.893 394 649 130 905°  ≈ angle_B =  (180 arcsin((sqrt(75)/3)/(sqrt(84)/3)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C =  (180 arcsin((sqrt(84)/3)/(sqrt(75)/3)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________

 1.527 525 231 651 946^2 ≈ Area_T =          1/3 sqrt(21)                       OR = (a*b)/2

 6.941 801 809 252 022   ≈ Perimeter_P =     1/3 (3 + sqrt(75) + 2 sqrt(21))    OR = a + b + c

 3.470 900 904 626 011   ≈ Semiperimeter_s = 1/6 (3 + sqrt(75) + 2 sqrt(21))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                OR = (a*b)/a
                
           n/a           = height_hb =   n/a                OR = (a*b)/b
                
  .944 911 182 523 068   = height_hc =   1/14 sqrt(175)     OR = (a*b)/c 
____________________
    
 2.929 732 638 541 157   ≈ median_ma =  1/6 sqrt(309)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.755 942 292 142 123   ≈ median_mb =  1/6 sqrt(111)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 1.527 525 231 651 946   ≈ median_mc =  1/3 sqrt(21)     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .415 850 441 322 117   ≈ inradius_r  =  1/18 (9 + 15 sqrt(3) - 6 sqrt(21))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 1.527 525 231 651 946   ≈ outradius_R =  1/3 sqrt(21)    OR = c/2
____________________ 
                     
 2.886 751 345 948 128   ≈ multiply a into b = 1/3 sqrt(75)      OR = b/a 

 3.055 050 463 303 893   ≈ multiply a into c = 1/3 sqrt(84)      OR = c/a
    
  .346 410 161 513 775   ≈ multiply b into a = 1/5 sqrt(3)       OR = a/b

 1.058 300 524 425 836   = multiply b into c = 1/5 sqrt(28)      OR = c/b
 
  .327 326 835 353 988   ≈ multiply c into a = 1/14 sqrt(21)     OR = a/c

  .944 911 182 523 068   = multiply c into b = 1/14 sqrt(175)    OR = b/c
________________________________________________________________________________  













📐️ 9 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 43.897° : 46.102° : 90.°

From the first expression given for 🟥️r_7.

 1                       = side_a =  sqrt(25)/5    OR = sqrt(c^2 - b^2)

 1.039 230 484 541 326   ≈ side_b =  (3 sqrt(3))/5     OR = sqrt(c^2 - a^2)
 
 1.442 220 510 185 595   = side_c =  (2 sqrt(13))/5    OR = sqrt(a^2 + b^2)
____________________ 
                            
43.897 886 248 013 984°  ≈ angle_A = (180 arcsin(1/((2 sqrt(13))/5)))/Pi                  OR = (180 arcsin(1/c))/Pi
                               
46.102 113 751 986 015°  ≈ angle_B = (180 arcsin(((3 sqrt(3))/5)/((2 sqrt(13))/5)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C = (180 arcsin(((2 sqrt(13))/5)/((3 sqrt(3))/5)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
  .519 615 242 270 663^2 ≈ Area_T =  (13 sqrt(3))/18    OR = (a*b)/2

 3.481 450 994 726 922   ≈ Perimeter_P =      1/10 (5 + 3 sqrt(3) + 2 sqrt(13))                       OR = a + b + c

  .870 362 748 681 730   ≈ Semiperimeter_s =  1/20 (5 + 3 sqrt(3) + 2 sqrt(13))          OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                OR = (a*b)/a
                
           n/a           = height_hb =   n/a                OR = (a*b)/b
                
  .720 576 692 122 892   = height_hc =   (3 sqrt(39))/26    OR = (a*b)/c  
____________________
    
 1.153 256 259 467 079   ≈ median_ma =  sqrt(133)/10    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.126 942 766 958 464   ≈ median_mb =  sqrt(127)/10    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
  .721 110 255 092 797   ≈ median_mc =  sqrt(52)/10     OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .298 504 987 177 865   ≈ inradius_r  =  1/10 (5 + 3 sqrt(3) - 2 sqrt(13))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
  .721 110 255 092 797   ≈ outradius_R =  sqrt(13)/5    OR = c/2    OR = (a*b*c)/sqrt((a + b + c) (b - a + c) (a - b + c) (a + b - c))
____________________ 
                     
 1.039 230 484 541 326   ≈ multiply a into b =  1/5 (3 sqrt(3))      OR = b/a 

 1.442 220 510 185 595   ≈ multiply a into c =  1/5 (2 sqrt(13))     OR = c/a
    
  .962 250 448 649 376   ≈ multiply b into a =  1/9 (5 sqrt(3))      OR = a/b

 1.387 777 332 977 421   = multiply b into c =  1/9 (2 sqrt(39))     OR = c/b
 
  .693 375 245 281 536   ≈ multiply c into a =  1/26 (5 sqrt(13))    OR = a/c

  .720 576 692 122 892   = multiply c into b =  1/26 (3 sqrt(39))    OR = b/c
________________________________________________________________________________  













📐️ 10 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 13.897° : 76.102° : 90.°

From the second expression given for 🟥️r_7.

 1                       = side_a =  sqrt(9)/3      OR = sqrt(c^2 - b^2)

 4.041 451 884 327 380   ≈ side_b =  sqrt(147)/3    OR = sqrt(c^2 - a^2)
 
 4.163 331 998 932 265   = side_c =  sqrt(156)/3    OR = sqrt(a^2 + b^2)
____________________ 
                            
13.897 886 248 013 984°  ≈ angle_A =  (180 arcsin(1/(sqrt(156)/3)))/Pi                OR = (180 arcsin(1/c))/Pi
                               
76.102 113 751 986 015°  ≈ angle_B =  (180 arcsin((sqrt(147)/3)/(sqrt(156)/3)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C =  (180 arcsin((sqrt(156)/3)/(sqrt(147)/3)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________
                                                          
 2.020 725 942 163 690^2 ≈ Area_T =           1/6 (7 sqrt(3))                     OR = (a*b)/2

 9.204 783 883 259 645   ≈ Perimeter_P =      1/3 (3 + 7 sqrt(3) + 2 sqrt(39))    OR = a + b + c

 4.602 391 941 629 822   ≈ Semiperimeter_s =  1/6 (3 + 7 sqrt(3) + 2 sqrt(39))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                 OR = (a*b)/a
                
           n/a           = height_hb =   n/a                 OR = (a*b)/b
                
  .970 725 343 394 150   ≈ height_hc =  1/26 (7 sqrt(13))    OR = (a*b)/c 
____________________
 
 4.072 263 907 623 538   ≈ median_ma =  1/6 sqrt(597)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 2.254 624 876 411 447   ≈ median_mb =  1/6 sqrt(183)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
 2.081 665 999 466 132   ≈ median_mc =  1/6 sqrt(156)    OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    
                                       
  .439 059 942 697 557   ≈ inradius_r  =  1/6 (3 + 7 sqrt(3) - 2 sqrt(39))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
 2.081 665 999 466 132   ≈ outradius_R =  1/3 sqrt(39)    OR = c/2  
____________________ 
                     
 4.041 451 884 327 380   ≈ multiply a into b = 1/3 (7 sqrt(3))      OR = b/a 

 4.163 331 998 932 265   ≈ multiply a into c = 1/3 (2 sqrt(39))     OR = c/a
    
  .247 435 829 652 696   ≈ multiply b into a = 1/7 sqrt(3)          OR = a/b

 1.030 157 507 275 425   = multiply b into c = 1/7 (2 sqrt(13))     OR = c/b
 
  .240 192 230 707 630   ≈ multiply c into a = 1/26 sqrt(39)        OR = a/c

  .970 725 343 394 150   = multiply c into b = 1/26 (7 sqrt(13))    OR = b/c
________________________________________________________________________________ 













📐️ 11 of 11.

Alternate forms of triangle properties for the triangle A : B : C ≈ 38.948° : 51.051° : 90.°

From 🟩️r_8.

 1                       = side_a =  sqrt(49)/7     OR = sqrt(c^2 - b^2)

 1.237 179 148 263 483   ≈ side_b =  sqrt(75)/7     OR = sqrt(c^2 - a^2)
 
 1.590 789 817 951 434   = side_c =  sqrt(124)/7    OR = sqrt(a^2 + b^2)
____________________ 
                            
38.948 275 564 627 083°  ≈ angle_A =  (180 arcsin(1/((2 sqrt(31))/7)))/Pi            OR = (180 arcsin(a/c))/Pi
                               
51.051 724 435 372 916°  ≈ angle_B =  (180 arcsin((sqrt(75)/7)/(sqrt(124)/7)))/Pi    OR = (180 arcsin(b/c))/Pi
                             
90.°                     = angle_C =  (180 arcsin((sqrt(124)/7)/(sqrt(75)/7)))/Pi    OR = (180 arcsin(c/b))/Pi
____________________

  .618 589 574 131 741^2 ≈ Area_T =           1/14 (5 sqrt(3))                      OR = (a*b)/2

 3.827 968 966 214 918   ≈ Perimeter_P =      1/7 (7 + sqrt(199 + 20 sqrt(93)))     OR = a + b + c

 1.913 984 483 107 459   ≈ Semiperimeter_s =  1/14 (7 + sqrt(199 + 20 sqrt(93)))    OR = 1/2 (a + b + c)
____________________

           n/a           = height_ha =   n/a                 OR = (a*b)/a
                
           n/a           = height_hb =   n/a                 OR = (a*b)/b
                
  .777 713 771 047 818   = height_hc =  1/62 (5 sqrt(93))    OR = (a*b)/c  
____________________
    
 1.334 395 835 162 100   ≈ median_ma =  1/14 sqrt(349)    OR = 1/2 sqrt(2 (b^2 + c^2) - a^2)
  
 1.175 862 688 082 451   ≈ median_mb =  1/14 sqrt(271)    OR = 1/2 sqrt(2 (a^2 + c^2) - b^2)
  
  .795 394 908 975 717   ≈ median_mc =  1/14 sqrt(124)    OR = 1/2 sqrt(2 (a^2 + b^2) - c^2)
____________________    

  .323 194 665 156 024   ≈ inradius_r  = 1/14 (7 - sqrt(199 - 20 sqrt(93)))    OR = ((a*b)/2)/(1/2 (a + b + c))
   
  .795 394 908 975 717   ≈ outradius_R = 1/14 sqrt(124)    OR = c/2
____________________ 

 1.237 179 148 263 483   ≈ multiply a into b =  1/7 (5 sqrt(3))       OR = b/a 

 1.590 789 817 951 434   ≈ multiply a into c =  1/7 (2 sqrt(31))      OR = c/a
    
  .808 290 376 865 476   ≈ multiply b into a =  1/15 (7 sqrt(3))      OR = a/b

 1.285 820 101 465 727   = multiply b into c =  1/15 (2 sqrt(93))     OR = c/b
 
  .628 618 557 093 712   ≈ multiply c into a =  1/((2 sqrt(31))/7)    OR = a/c

  .777 713 771 047 818   = multiply c into b =  1/62 sqrt(2325)       OR = b/c
________________________________________________________________________________ 







 



     6. CAD file included. Delete top part and resave .dxf.

            So the answers do not go far from the questions. A webpage preview of the draft file can be accessed at:
            https://archive.org/download/pythagorean-triangles-from-the-hat/Pythagorean%20Triangles%20from%20the%20Hat%20Tile%20%28geometry%20slides%29.svg

  The end. Thank you for participating in the sample of Rings of the Lord, The Golden Ratio Geometry Bee, Quick Reference Guide. 
